Abstract. The half lives of proton radioactivity of proton emitters are investigated theoretically. Protonnucleus interaction potentials are obtained by folding the densities of the daughter nuclei with a finite range effective nucleon-nucleon interaction having Yukawa form. The Wood-Saxon density distributions for the nuclei used in calculating the nuclear as well as the Coulomb interaction potentials are predictions of the interaction. The quantum mechanical tunneling probability is calculated within the WKB framework. These calculations provide reasonable estimates for the observed proton radioactivity lifetimes. The effects of neutron-proton effective mass splitting in neutron rich asymmetric matter as well as the nuclear matter incompressibility on the decay probability are investigated.
Introduction
In recent years new half life measurements have been performed in order to have a better understanding of the proton and alpha decay processes in the region of proton-rich nuclei [1] . For these nuclei the Q value for proton emissions is positive and therefore there is a natural tendency to shed off excess protons. These data are very useful for the analysis of possible irregularities in the structure of these proton-rich nuclei [2, 3] . They are also of great interest in rapid proton capture nucleosynthesis processes. Some new results for proton radioactivity in this region of proton-rich nuclei have indicated that the proton emission mode is rather competitive with the alpha decay process [3, 4, 5] . Proton radioactivity may be used as a tool to obtain spectroscopic information because the decaying proton is unpaired in the orbit. These decay rates are sensitive to the Q values and the orbital angular momenta which in turn help to determine the orbital angular momenta of the emitted protons.
Since the observation of proton radioactivity is comparatively recent, several theoretical approaches that have been employed to study this exotic process, such as the distorted-wave Born approximation [6] , the density dependent M3Y (DDM3Y) effective interaction [7, 8] , the effective interaction of Jeukenne, Lejeune and Mahaux (JLM) [8] , the unified fission model [9] , the coupled-channels approach [10] and the effective/generalized liquid drop models [11, 12] are also quite recent [13, 14] . In the present a trr1@rediffmail.com; bibhutiphy@rediffmail.com; dnb@veccal.ernet.in work, quantum mechanical tunneling probability is calculated within the WKB framework using proton-nucleus interaction potentials obtained from folding the density of the residual daughter nucleus with a finite range effective nucleon-nucleon interaction having a single Yukawa term (YENI) in the finite range part [15, 16] . These calculations provide good estimates for the observed proton radioactivity lifetimes. In the present calculation we shall examine the effects pf neutron-proton (n-p) effective mass splitting as well as the nuclear matter incompressibility, K(ρ 0 ), on the decay probability of the proton emitters. The n-p effective mass splitting is connected to the momentum dependence aspect of neutron and proton mean fields in asymmetric nuclear matter (ANM). Theoretical predictions of different models on this important issue can be divided into two distinct groups depending on whether the neutron effective mass goes above the proton one [17, 18, 19, 20, 21, 22] or the other way around [23, 24, 25, 26, 27] . Experimental as well as theoretical attempts [28, 29] to resolve the problem has not been successful as yet. In the work in Ref. [16] it is shown that if the finite range exchange interaction acting between an unlike nucleon pair, v ul ex (r), is stronger compared to the finite range exchange interaction, v l ex , between a pair of like nucleon, the neutron effective mass will be predicted to go over the proton one in neutron rich ANM. On the other hand if v l ex (r) is stronger compared to v ul ex (r) then proton effective mass will go over the neutron one. The results of Dirac-Brueckner-HartreeFock (DBHF) calculations [19, 21] along with the decreasing trend of Lane potential extracted from experimental data on nucleon-nucleus scattering and reaction [30, 31, 32, 33] has led to accept amongst a larger community that neutron effective mass goes above the proton one in neutron rich matter although the controversy is not yet completely resolved. Under the circumstance the magnitude of effective mass splitting remains as an open problem as different models give widely divergent results. Similarly, the nuclear matter incompressibility is another important quantity whose value ranges between 240 ± 20 MeV as has been estimated from studies of isoscalar giant monopole resonances in nuclei. In the present work we shall also examine the possible effect of the variations of these nuclear matter parameters on the calculated proton half-lives of the proton emitters.
In section 2 the calculation of proton-nucleus (p-N) interaction potential for any general effective interaction has been discussed. The formalism has been extended to the calculation with the YENI. The determination of the parameters required in the study of the nuclear matter is briefly discussed. The fixation of the free parameter of the interaction along with the Wood-Saxon (WS) density distribution for the nuclei have been obtained by adopting a simultaneous minimization procedure to reproduce the binding energies of nuclei. Contributions of the different parts of YENI to the p-N nuclear potential and the selfconsistent evaluation of the finite range exchange part are provided. In section 3 WKB tunneling procedure for calculation of decay probability of emitted proton has been discussed. The last section contains discussions of the results obtained and conclusions.
2 The proton-nucleus interaction potentials
The folded proton-nucleus interaction potential
The proton-nucleus potential is obtained by folding the density distribution of the nucleus over the interaction of the incident proton with nucleons of the nucleus. It is given by [34] 
where r and r ′ are the distances of the incident proton and the nucleon of the nucleus, respectively, from the origin taken at the center of the nucleus. The last term in Eq.(1) is the rearrangement term that arises from the explicit density dependence of the effective interaction. ρ i (r, r ′ ), i = p, n are the density matrices that take nonlocal effects into account, and v d/ex is the direct/exchange part of the effective interaction averaged over space, spin and isospin of both the interacting nucleons. j 0 is the zeroth order spherical Bessel function. k(R) is the wave number of the incident proton at the center of mass R of the incident proton and nucleon of the nucleus and is given by,
where E cm , V N (R) and V c (R) are the center of mass energy, p-N interaction potential and Coulomb potential at the center of mass R, respectively. The center of mass and relative coordinates are given by R = (r + r ′ )/2 and t = (r − r ′ ) respectively. It may be seen from Eq.(1) that in the calculation of V N (r) the knowledge of k(R) is required in which V N (R) appears and hence requires a self-consistent calculation. The total interaction energy between the proton and the residual daughter nucleus
, the sum of the nuclear interaction energy, the Coulomb interaction energy and the centrifugal barrier where l is the angular momentum carried away by the proton-daughter nucleus system. Here µ = M p M d /M A is the reduced mass, M p , M d and M A are the masses of the proton, the daughter nucleus and the parent nucleus respectively, all measured in the units of MeV/c 2 .
Simple finite range effective interaction and the proton-nucleus potential
The simple parameterization of finite range effective interaction [16] used in this work for calculating proton radioactivity of the spontaneous proton emitters is given by,
where f α (|r − r ′ |), is a short range interaction of conventional form, such as, Yukawa, Gaussian or exponential and specified by a single parameter α, the range of interaction. This effective interaction contains altogether eleven adjustable parameters, namely, t 0 , x 0 , t 3 , x 3 , b, γ, W, B, H, M and α. P σ =(1 + σ 1 .σ 2 )/2 and P τ =(1 + τ 1 .τ 2 )/2 are the spin and isospin exchange operators respectively. This interaction has been used in the studies of momentum and density dependence of both symmetric and asymmetric nuclear matter at zero and finite temperatures [15, 16] as well as in the calculation of bulk properties of neutron stars [35] and equation of state (EOS) of beta stable n+p+e+µ matter, i.e., neutron star matter(NSM) [36] . In these studies we require a total of nine parameter combinations, namely, α, b, γ, ε ex ) are required to describe the EOS of symmetric nuclear matter (SNM). The careful adjustment of these six parameters so as to provide a correct momentum dependence of the mean field as well as density dependence of the EOS in SNM is discussed in the Refs. [35, 37] . The crucial advantage of the procedure adopted to constrain these six parameters in SNM is that the momentum dependence of the mean field can be varied with out changing the density dependence of the EOS of SNM and vice-versa is also true. The momentum dependence of the mean field in SNM is decided by the finite range exchange strength parameter (ε l ex + ε ul ex ) and the range α, whereas, the stiffness of the EOS is determined by the parameter γ in the exponent. Under the consideration that the interaction between pairs of like (l) and unlike (ul) nucleons have same range but differ in strength, the study of ANM now, requires the correct splittings of the three parame-
into two specific channels for interaction between pairs of like and unlike nucleons. In absence of adequate constraints, either experimental or theoretical, to decide the splitting of these three strength parameters the procedure that we have adopted in our study of ANM has been discussed in Refs. [16, 35] dρ | ρ=ρ0 . In order to decide the value of E ′ s (ρ 0 ) we have assigned arbitrary values to it and calculated the EOS of NSM in each case solving the charge neutrality and beta stability conditions. It is found that for a characteristic value of E ′ s (ρ 0 ) the asymmetric contribution to the nucleonic part of the EOS of NSM (that solely determines the composition of normal neutron stars) gives stiffest behaviour that remains almost stationary within a small range around this value of E ′ s (ρ 0 ) [35] . This is referred as the universal high density behaviour of the asymmetric contribution of the nucleonic part of the EOS in NSM. We have considered this characteristic value of E [38, 39, 40] . Now, with the knowledge of all these nine parameters we are still left with two interaction parameters free for the calculation of finite nucleus. Here we considered t 0 and x 0 of our interaction in Eq.(3) as the free parameters. We determine the parameter t 0 by using a simultaneous minimization along with the WS density distribution parameters to fit to the binding energy of 40 Ca nucleus.
Determination of the parameter t 0 and Wood-Saxon density distribution of nucleus
The total energy of a nucleus is given by
Coul and E CM are the contributions from nuclear, Coulomb and center-of-mass correction, respectively. The nuclear part of the energy for an effective interaction is given by,
where, the first term is the kinetic energy, second and third terms are direct and exchange contributions of the nuclear interaction; τ n (r), ρ s (r) and ρ s (r, r ′ ) with s = n, p are the respective kinetic energy densities, densities and density matrices which are expressed in terms of single particle wave functions as,
In these expressions φ i (r) are single particle wave functions, where the subscript i denotes all the quantum numbers. Instead of going into the Hartree-Fock calculation of single particle states we have adopted a theoretically transparent and numerically simplified approach where the density matrix expansion (DME) of Negele and Vautherin [41] is used for the density matrices in the exchange interaction term of the energy expression in Eq.(4). The density matrix under the DME can be expressed as,
where, j 1 and j 3 are spherical Bessel functions of order 1 and 3 respectively, k f (R) is the Fermi momentum corresponding to density ρ(R) at the center-of mass R of the two interacting nucleons. Now choosing the Fermi momentum in the form [42] ,
reduces the DME in eq.(6) to the well known Slater ap-
q f (R)t ρ(R) of the exchange term but with a modified Fermi momentum that accounts for the surface corrections up to second order in the Thomas-Fermi model. We can now express the nuclear part of the energy in eq. (4) as
where, H(R) is the energy density given by,
with t being the relative coordinate and q s , s = n, p is the corresponding modified Fermi momentum that can be defined from eq. (7). The calculation of energy of a nucleus now requires the knowledge of density and kinetic energy density. Wood-Saxon density distribution,
is taken for simplicity that gives good description in the intermediate and heavy mass region. Further we make the approximation that ρ n and ρ p are proportional to neutron and proton numbers N and Z respectively. The kinetic energy density τ s (R), s = n, p is taken to be the ThomasFermi one along with the second order correction,
where,
is the neutron (proton) Fermi momentum at density ρ n(p) (R). The WS parameters ρ 0 , c and a are determined by minimizing the total energy, including Coulomb and center-of-correction, with respect to these parameters. The Coulomb energy of the nucleus, both direct and exchange parts, has been calculated for the WS charge distribution. In minimizing the total energy we have taken a = 0.47 fm and used the normalization A = ρ(r)d 3 r to express ρ 0 in terms of c that reduces the minimization of the total energy with respect to c only. Now, varying t 0 the minimization with respect to c is done for the experimental value of the total energy of 40 Ca. The parameter t 0 = 481.86 MeV fm 3 thus obtained for the EOS having γ = 1/2 and (ε l ex + ε ul ex )/3 predicts the charge radius of 40 Ca to be 3.49 fm as well as the binding energies and charge radii of the closed shell nuclei over the periodic table to an satisfactory extent as given in Table- 1. On varying x 0 from -1 to +1 the binding energies of N = Z closed shell nuclei show a slow variation from a relatively smaller value to a higher value of the binding energies as compared to the results for x 0 = 0 given in table-1. In view of the small variation we have taken x 0 = 0 in rest of our calculations that makes the t 0 part of the interaction spin independent. With the value of the t 0 thus obtained for the EOS, the binding energies of the proton radioactive nuclei have been calculated using the same minimization procedure with respect to the WS parameters and it has been found that the results are reproduced within 1/2% of the experimental values for these nuclei. The WS density distributions thus obtained for these proton radioactive nuclei are used in the evaluation of the p-N interaction potentials in order to calculate the half-lives. 
Nuclear part of p-N interaction potential with the YENI
The p-N nuclear interaction potential given in Eq.(1) for the YENI in Eq.(3) becomes, 
In obtaining V f inite N,ex in Eq. (13), we have approximated the density matrices ρ i (r, r ′ ), i = n, p by their respective Slater terms,
with modified Fermi momentum q n(p) (R) = [3π
that can be defined from Eq.(7). The zeroth order Bessel function j 0 (k(R)t) appearing in the expression of V f inite N,ex (R) is a function of the wave number k(R) of the emitted proton that contains the potential V N (R) itself as can be seen from Eq.(2) and hence required to be evaluated self consistently.
The p-N nuclear part of the potential, V N (r), in the cases of different proton radioactive nuclei are calculated from Eqs.(12,13) for a given EOS with the WS density distributions of the nuclei obtained from the minimization procedure discussed in the last sub-section. We have considered altogether five EOSs, two cases of different p-n effective mass splittings and three cases of nuclear matter incompressibility. In case of each of the five EOSs the parameter t 0 is obtained as discussed in the last subsection and the binding energies of the nuclei are verified to be reproduced within the same accuracy in each case. The two cases of effective mass splitting in nuclear matter at normal density ρ 0 corresponding to the values of ε 113 Cs. The difference in the results in these three cases are small having the characteristic behaviour of small extension of the tail in case of lower incompressibility. We shall examine the effect of these variations in V N (r) on the proton half-lives.
Coulomb part of p-N interaction potential
The direct and exchange parts of the Coulomb interaction potential of a proton with a nucleus having charge distribution ρ p (r) are given by (15) and
respectively. The total Coulomb potential V C (r) = V dir C (r)+ V ex C (r). The Coulomb potential between the emitted proton and the daughter nucleus is calculated from Eqs. (15) and (16) using the WS proton distribution of the daughter nucleus.
Proton radioactivity
In the present work, the tunneling probability of the protons is calculated in the WKB framework. The WKB method has been found to be quite satisfactory for the α decay half life calculations and somewhat better than the S-matrix method [43] . The barrier penetrability P in the improved WKB [44] framework for any continuous (rounded) potential barrier is given by
and the decay constant by λ = νP S p where S p is the spectroscopic factor and the assault frequency ν is calculated from E v = 1 2 hν, the zero point vibration energy. The half life is obtained from T 1/2 = ln 2/λ. The decay half life T 1/2 of the parent nucleus (A, Z) into a proton and a daughter (A d , Z d ) can, therefore, given by
where the action integral K within the improved WKB approximation is given by
with R a and R b being its 2 nd and 3 rd turning points determined from the equations
whose solutions provide three turning points. The proton oscillates between the first and the second turning points and tunnels through the barrier at R a and R b . The zero point vibration energy E v is assumed to be proportional to Q value of the spontaneous emission of protons. For the present calculations, the zero point vibration energies used here are the same as given by Eq. (5) of Ref. [45] but extended to protons and the experimental Q values [1] are used. The spectroscopic factor appearing in the denominator in Eq. (18) contribute a term −logS p to log T 1/2 . 4 Results and conclusion
The half-lives in the cases of proton emitting nuclei away from proton drip line are calculated using the WKB barrier penetration method. The experimental Q values together with their uncertainties are considered in calculating the penetration probabilities in different proton emitting nuclei. The nuclear part of the p-N interaction potential is calculated using the semiclassical approximation up to second order for the kinetic energy densities as well as for the density matrices. The DME used for the density matrices along with the modified Fermi momenta takes care of the surface corrections up to second order. The WS density distributions of the nuclei predicted by the interaction are used to calculate the nuclear and Coulomb parts of the p-N interaction potential. The direct part of the nuclear potential is evaluated exactly whereas the exchange part is approximate up to the second order correction of the density matrix expansion. The exchange part of the nuclear potential is evaluated self consistently. The interaction potential thus obtained for the YENI effective interaction in case of each nucleus is used to caculate the penetration probability. The half life is calculated from Eq. (15) under the consideration that the spectroscopic factor S p = 1. The results of different proton emitting nuclei are given in Table 2 for the EOS corresponding to γ = 1/2 and ε could be brought down to reasonably close range of the experimental values in the GLDM model [12] calculation by including the spectroscopic factors calculated from the RMF+BCS theory. The spectroscopic factor is found to be greatly affected by the proton shell structure and in turn contains shell effect to a large extent. The uncertianty in the present calculation of half lives attributed to the spectroscopic factor can be obtained from the relation [6] , The effect of n-p effective mass splitting on the decay half lives has been examined by claculationg the half lives for the two cases of ε In Fig.1 , the neutron and proton effective masses [M * (k = k fn,p , ρ 0 , α)/M ] n , p as a function of isospin asymmetry β for the two cases of splittings of exchange strength parameter into like and unlike channels. The results for half lives are almost same as expected from the results of the interaction potentials in these two cases those differ within the line width. Thus the n-p effective mass splitting in finite nuclei on the proton decay has little effect and the reason may be attributed to the fact that the asymmetry as well as the Fermi momenta involved are small. On the other hand, the effect of the variation of nuclear matter incompressibility show observable effect on the decay half lives. With decrease in the value of K(ρ 0 ), the decay half lives decreases. By decreasing K(ρ 0 ) from 240 MeV (corresponding to γ = 1/2) to 220 MeV (γ = 1/3) the results of the calculated decay half lives decrease on the average by10%. In case of 113 Cs, the change in log 10 T (s) is from -5.55 (3.12 µsec) to 5.51 (2.83 µsec) as γ decreases from 1/2 to 1/3. Similarly as K(ρ 0 ) is increased from 240 MeV to 253 MeV by increasing γ from 1/2 to 2/3, the calculated half lives increase on the average by 7.5 % and in 113 Cs log 10 T (s) is increased to -5.47 (3.39 µsec). In Fig.2 , the nuclear interaction potentials V N (r) for these three EOSs of YENI have small differences in the tail region where the second turning point is located. Relatively slower rate of vanishing of the attractive nuclear potential V N (r) is observed in the tail region for the EOS corresponding to a lower value of K(ρ 0 ) resulting in the shift of the potential barrier to higher distance. Accordingly the second turning point in this case will shift to a relatively higher distance compared to EOS corresponding to higher value of K(ρ 0 ). In case of 113 Cs in Fig.2 the position of the second turning point has decreased from 6.84 fm to 6.72 fm as K(ρ 0 ) has increased from 220 MeV to 253 MeV. This shift in the position of the second turning point is solely determined by the nuclear part of the interaction potential as the Coulomb and the centrifugal parts are same for all these EOSs. The position of the third turning point in all the cases is solely determined from the Coulomb interaction potential that gives the same result for the different EOSs considered. Thus the width of the potential barrier in case of EOS corresponding to a lower value of incompressibility decreases in comparison to the EOS having higher incompressibility resulting in the higher penetration probability. The values of our potential and that of DDM3Y [46] in the tail region in Fig.2 are close (more so when Coulomb and centrifugal potentials are added) and hence the agreement in the results for the half lives as given in Table. 2. It shows that the predictions of the proton decay half lives in different models using the WKB penetration crucially depends on the nuclear potential in the tail region that determines the position of the second turning point and hence the penetration probability.
